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Abstract During the last two decades fractional calculus has been increasingly applied to physics,
especially to rheology. It is well known that there are obivious diﬀerences between Riemann–Liouville
(R–L) deﬁnition and Caputo deﬁnition, which are the two most commonly used deﬁnitions of
fractional derivatives. The multiple deﬁnitions of fractional derivatives have hindered the application
of fractional calculus in rheology. In this paper, we clarify that the R–L deﬁnition and Caputo
deﬁnition are both rheologically unreasonable with the help of the mechanical analogues of the
fractional element model. We also ﬁnd that to make them more reasonable rheologically, the lower
terminals of both deﬁnitions should be put to −∞. We further prove that the R–L deﬁnition
with lower terminal −∞ and the Caputo deﬁnition with lower terminal −∞ are equivalent in the
diﬀerentiation of functions that are smooth enough and functions that have ﬁnite number of singular
points. Thus we can deﬁne the fractional derivatives in rheology as the R–L derivatives with lower
terminal −∞ (or, equivalently, the Caputo derivatives with lower terminal −∞ ) not only for
steady-state processes, but also for transient processes. c© 2011 The Chinese Society of Theoretical
and Applied Mechanics. [doi:10.1063/2.1101207]
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During the last two decades fractional calculus
has been increasingly applied to physics, especially
to rheology.[1] In particular, fractional calculus has
played an important role in the constitutive modeling
of viscoelastic materials. Some characteristics of com-
plex viscoelastic materials can be described by frac-
tional derivatives. The experimental results obtained
by Herna´ndez-Jime´nez et al. showed that the behav-
ior of some polymers show good agreements with that
of the fractional Maxwell model. This is a successful
application of fractional derivatives in rheology.[2]
The success of the applications of fractional calcu-
lus is based on the deﬁnitions of fractional derivatives.
The two most commonly used deﬁnitions of fractional
derivatives are the Riemann–Liouville (R–L) derivative,
which is expressed as[3]
R
a D
α
t f(t) =
1
Γ(n− α)
dn
dtn
t∫
a
f(τ)
(t− τ)α+1−n dτ,
n− 1 ≤ α < n (1)
where α is the order of the derivative, a is the lower
terminal, n is a nonnegative integer such that n − 1 ≤
α < n, and the Caputo fractional derivative, which is
expressed as[3,4]
C
a D
α
t f (t) =
1
Γ (n− α)
t∫
a
f (n) (τ) dτ
(t− τ)α+1−n ,
n− 1 < α ≤ n (2)
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where n is a nonnegative integer such that n − 1 <
α ≤ n and the superscript “c” is used to distinguish
the Caputo fractional derivative from the R–L fractional
derivative.
Unfortunately, the R–L deﬁnition and Caputo deﬁ-
nition are not equivalent. One diﬀerence between them
is that the Caputo derivative of a constant is zero,
whereas in the case of a ﬁnite value of the lower ter-
minal a the R–L fractional derivative of a constant is
not equal to zero, but[3]
R
a D
α
t C = C (t− a)−α /Γ (1− α), α > 0. (3)
Podlubny pointed out that if we put a → −∞ in both
deﬁnitions and require reasonable behavior of f (t) and
its derivatives for t → −∞, equations (1) and (2) will
give the same results.[3] However, he concluded that the
transient eﬀects cannot be studied if the lower terminal
(i.e. the starting time of the process) is set to −∞[3].
One purpose of this paper is to solve the contradictions
between the R–L deﬁnition and the Caputo deﬁnition
for transient problems. In our analysis, the mechanical
analogue of the fractional element model is used.
The fractional element model (Scott–Blair model),
which is the most basic of all the fractional-order mod-
els of viscoelastic materials, was introduced by Scott–
Blair[5], and its constitutive equation can be expressed
as
σ (t) = Eλαdαε (t) /dtα, 0 < α < 1, (4)
where E, λ, α are material-dependent constants and
dαε/dtα denotes the time-fractional derivative of strain.
The mechanical analogues of the Scott–Blair model
were developed during the last twenty years. Heymans
& Bauwens[6] and Heymans[7] derived the constitutive
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Fig. 1. A self-similar tree model of fractional element.
Fig. 2. The reduced model of the fractal tree model.
equation of the spring-dashpot fractal network in Fig. 1
using complex modulus and found that the stress is pro-
portional to the 1/2-order derivative of strain.
Firstly, let us study the stress response of the model
in Fig. 1 to a constant strain. When the strain of the
model is identically equal to a constant ε (t) ≡ ε0, the
strain rate of each dashpot in the model is zero. Thus
the stresses of the dashpots are equal to zero. There
are inﬁnitely many branches in the tree model between
its upper and lower ends, while any branch that con-
tains at least one dashpot can resist no stress at all.
Therefore, the stresses of the whole model are applied
to the leftmost branch of the model, the only branch
that contains no dashpot at all. However, there are an
inﬁnite number of springs in series in this branch and
the elasticity modulus of each spring in the branch is
ﬁnite. As a result, the equivalent elasticity modulus of
this branch is equal to zero. Then we obtain a zero
stress of the model when the strain is a constant. Thus
the 1/2-order derivative of a constant should be equal to
zero, in accordance with the result obtained using Ca-
puto deﬁnition. We can reasonably conclude that the
R–L deﬁnition has obvious rheological deﬁciencies.
Then we consider the stress response of the model
in Fig. 1 to a strain jump
ε (t) = ε0θ (t) =
{
0, t < 0
ε0, t ≥ 0 , (5)
where θ (t) is a unit step function. The R–L derivative
of ε is
σ(t) = EλαR0 D
α
t ε(t) = Eε0(t/λ)
−α/Γ(1− α), (6)
while the Caputo derivative of ε (t) is
σ(t) = EλαC0 D
α
t C = 0. (7)
Let us investigate the internal dynamical behavior of
the tree model in Fig. 1. After the strain jump, the
dashpots in the model behave in a rigid manner as the
strain rate is inﬁnite at this instant. Therefore, the
stress of the model goes to inﬁnite when t → 0+. Then
the stress set up in the model will gradually relax and
fade away as the pistons of the dashpots overcome the
resistance of the damping ﬂuid. When t → ∞, the stress
of the model will go to zero as in the case of a constant
strain. Qualitatively, the behavior of the tree model
shows good agreement with the result obtained using
the R–L deﬁnition. To calculate the stress response
of the model in Fig. 1 quantitatively, we use the L−
Laplace transform given by Lundberg et al.[8]
L [f (t)] = F (s) =
+∞∫
0−
f (t) e−stdt, (8)
where the domain of integral fully includes the origin
and any singularities occurring at that time. As the
strain of the model is equal to zero before t = 0, we
have
σ(k) (0−) = 0, ε(k) (0−) = 0, k = 0, 1, 2.... (9)
Thus we can assume that the relationship between L [σ]
and L [ε] is
L [σ] = X (s)L [ε] = X (s) ε0/s. (10)
From the self-similar character of the model in Fig. 1,
we also get that
L [σ1] = XL [ε1] , L [σ2] = XL [ε2] . (11)
Then the model in Fig. 1 can be reduced to the ﬁrst
network in Fig. 2.
According to Fig. 2, we can obtain the equation of
X
X =
1(
1
E +
1
X
) + 1(
1
ηs +
1
X
) . (12)
From Eq. (12) we obtain that
X = (Eηs)1/2. (13)
Thus, we get
L [σ] (s) = ε0 (Eη)
1/2
s−1/2. (14)
The inverse Laplace transform of (14) is
σ (t) =
Eε0 (t/λ)
1/2
Γ (1/2)
, λ =
η
E
, (15)
which is in accordance with the result obtained using
the R–L deﬁnition. This may be seen as the relaxation
eﬀect of the Scott–Blair model.
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Now, let us analyze the results obtained using the
model in Fig. 1. From the deﬁnitions of the R–L
derivative (1) and Caputo derivative (2), we can see
that the R–L derivative and the Caputo derivative of a
functionf (t) at the instant of t have nothing to do with
the behaviors of f (t) before the lower terminals a. In
other words, the R–L derivative and the Caputo deriva-
tive have no memory of f (t) before the lower terminals
a. For example, the diﬀerences between ε0 and ε0θ (t)
before the starting time a = 0 have no inﬂuence on the
results either in the case of the R–L deﬁnition or in the
case of the Caputo deﬁnition. But our analysis of the
tree model above has showed that the stress responses
of the Scott–Blair model are completely diﬀerent from
each other in the two cases, which means that the be-
havior of the functions before the starting time a = 0
must greatly inﬂuence the fractional derivatives in fact.
Thus we may guess that the loss of the information be-
fore the lower terminals may be an important reason
accounting for the deﬁciencies of the two deﬁnitions. In
other words, for the study of the stress of the tree model
at the instant of t, the strain of the model at any time
before t should be taken into consideration. Next, we
will prove that the R–L deﬁnition and Caputo deﬁnition
with lower terminals a → −∞ are equivalent not only
in the study of steady-state processes (e.g. constant
functions) but also in the study of the transient prob-
lems (e.g. step functions). Thus we deﬁne the α-order
derivative in rheology as
dα
dtα
f (t) := −∞RDαt f (t) = −∞
CDαt f (t) . (16)
Equivalence of the R–L deﬁnition and Caputo deﬁnition
for functions that are smooth enough has been consid-
ered by Podlubny.[3] We only present our proof for func-
tions with a ﬁnite number of singular points.
To simplify the proof, ﬁrst let us consider a function
which is expressed as
f˜(t) =
{
0, t < a
f(t), a ≤ t ≤ T , (17)
with a singular point at t = a. Suppose that the func-
tion f (t) is (n− 1)-times continuously diﬀerentiable in
the interval [a, T ] and f (n) (t) is integrable in [a, T ]. If
0 ≤ m− 1 < α < m ≤ n, for t < a we can easily obtain
that
−∞RDαt f˜ (t) = 0, (18)
and for t > a we get that
−∞RDαt f˜ (t) =
1
Γ (m− α)
t∫
a
f (m) (τ)
(t− τ)α+1−m dτ
+
m−1∑
k=0
f (k) (a) (t− a)−α+k
Γ (k + 1− α) . (19)
Next, we consider the Caputo derivative of f˜(t). If 0 ≤
m− 1 < α < m ≤ n, we also obtain that
−∞CDαt f˜(t) = 0 (20)
for t < a and for t > a we get that
−∞CDαt f˜ (t) =
1
Γ (m− α)
t∫
−∞
f˜ (m) (τ) dτ
(t− τ)α+1−m . (21)
According to Kanwal,[9] we have
f˜ (m) (t) = f
(m)
C (t) +
m−1∑
k=0
δ(m−k−1) (t− a) f (k) (a),
t > a (22)
where
f
(m)
C (t) = f
(m) (t) θ (t− a) =
{
0, t < a
f (m) (t) , t ≥ a
(23)
Therefore we can get that
−∞CDαt f˜ (t) =
1
Γ (m− α)
t∫
a
f (m) (τ)
(t− τ)α+1−m dτ
+
1
Γ (m− α)
t∫
a
m−1∑
k=0
f (k) (a) δ(m−k−1) (τ − a)
(t− τ)α+1−m dτ
= Ca D
α
t f (t) +
m−1∑
k=0
f (k) (a)
Γ (m− α)
t∫
a
δ(m−k−1)
· (τ − a) (t− τ)m−α−1 dτ. (24)
Then using the properties of the derivatives of Dirac
function, we obtain that
−∞CDαt f˜ (t) =
C
a D
α
t f (t) +
m−1∑
k=0
(−1)m−k−1 f (k) (a)
Γ (m− α)
· d
m−k−1 (t− τ)m−α−1
dτm−k−1
∣∣∣∣∣
τ=a
= Ca D
α
t f (t)
+
m−1∑
k=0
f (k) (a)
(t− a)k−α
Γ (k + 1− α) (25)
for t > a. Thus we get that
−∞CDαt f˜ (t) = −∞
RDαt f˜ (t) . (26)
Generally, let us consider an arbitrary function with a
singular point at t = a, expressed as
g (t) =
{
f1 (t) , t < a
f2 (t) , a ≤ t ≤ T , (27)
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We can ﬁnd an analytical continuation of f1 (t) as fol-
lows;
F1 (t) =
{
f1 (t) , t < a
g1 (t) , a ≤ t ≤ T , (28)
where g1 (t) is properly chosen such that F1 (t) is
smooth enough. Thus the function g (t) can be de-
composed as
g (t) = F1 (t) + g˜ (t) , (29)
where
g˜ (t) =
{
0, t < a
f2(t)− g1(t), a ≤ t ≤ T . (30)
Then we have
−∞RDαt g (t) = −∞
RDαt F1 (t) + −∞
RDαt g˜ (t)
= −∞CDαt F1 (t) + −∞
CDαt g˜ (t) = −∞
CDαt g (t) .
(31)
Finally, let us consider a function f (t) with k singular
points. It can be proved that f (t) can be written as the
summation of k functions
f (t) =
k∑
i=1
fi (t), (32)
where every function fi (t) has only one singular point
with it. Then according to Eq. (31), we have
−∞RDαt f (t) =
k∑
i=1
−∞RDαt fi (t)
=
k∑
i=1
−∞CDαt fi (t) = −∞
CDαt F (t) (33)
which shows that the R–L deﬁnition and the Caputo
deﬁnition are equivalent for the study of the functions
with a ﬁnite number of singular points.
In this study through the analysis of the stress re-
sponses of the 1/2-order tree model to a constant strain
and to a strain jump respectively, the R–L deﬁnition
and Caputo deﬁnition are both found to be defective
when used in rheology. We clarify that the main reason
that cause the two deﬁnitions’ deﬁciencies is the loss of
the information of the function (denoted by f (t)) before
the lower terminals. Thus in the deﬁnition of fractional
derivatives, the lower terminal should be put to −∞ to
include all the information of f (t) from −∞ to t. We
further prove that the R–L deﬁnition with lower ter-
minal a → −∞ and the Caputo deﬁnition with lower
terminal a → −∞ are equivalent not only in the diﬀer-
entiation of the functions that are smooth enough, but
also in the diﬀerentiation of those with ﬁnite number of
singular points. Thus we deﬁne the α-order derivative
in rheology as the R–L derivative with lower terminal
a → −∞ (or Caputo derivative with lower terminal
a → −∞) not only for steady-state processes, but also
for transient processes.
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